Abstract-We analyze the throughput achievable by a truncated Hybrid ARQ protocol (HARQ) using incremental redundancy (IR) when transmitting over a block-fading channel whose state is unknown at the transmit end. We allow the transmission rates to vary, optimize them, and show that such a variable-rate HARQ-IR provides gains with respect to a fixed-rate transmission in terms of increased throughput and decreased average number of transmissions.
I. INTRODUCTION
In this letter we evaluate the theoretically achievable throughput in wireless links when using a hybrid automatic repeat request protocol (HARQ) that takes care of the packet loss sending incremental/new redundancy (IR) in subsequent transmission attempts. For such a HARQ-IR system we assume perfect coding/decoding and, using the analysis basis shown in [1] , [2] , we optimize the transmission parameters for a finite number of transmissions (truncated HARQ) and show the achievable throughput.
In this work we use the information-theoretic framework outlined in [1] but we allow the transmission rates to vary throughout the transmissions which is the major difference when comparing to [1] . We note that the idea of using variablerate transmissions was proposed before but did not lead to the analysis in the information-theoretic framework of [1] . In particular, in [3] the idea was exposed in the context of systematic codes, in [4] the analysis relied on the statistics of the fading channel obtained from the simulations, and in [5] the results were shown for a predetermined number of modulation-sets and coding rates. Similarly, the idea of varying the transmission parameters appeared in [2] where power was allowed to be adjusted on per transmission-attempt basis but the gains where shown to be small. So, in this work, we assume a constant-power transmission as the gains obtained when varying the power are often small -particularly for high SNR [6] .
The main objective of this work is thus to assess the benefits of variable-rate transmission for truncated HARQ when compared to the fixed-rate transmission analyzed in [1] . In particular we show that the variable-rate transmission outperforms its fixed-rate counterpart, yielding greater throughput and smaller average number of transmissions.
II. SYSTEM MODEL
In the transmission system under study, N b information bits are transmitted (modulated/coded) using N s complex symbols. The resulting codewords are split into K sub-codewords, each with length N s,k , k = 1, . . . , K, where
Thus, each sub-codeword may be seen as a result of coding with rate
∀k we obtain the fixedrate setup of [1] . The sub-codewords are gathered in frames that have the duration of N F symbols. Such an assumption, also used in [7] , [8] allows us to deal with variable-length codewords to fill up the frame. This corresponds to TDMAtype communication, where users are provided with a fixed transmission time (frame). 1 Each frame is transmitted over a block-fading channel, that is, the channel state defined by the signal-to-noise ratio (SNR) γ does not change during the transmission of a frame but vary independently from one frame to another. This corresponds to a practical scenario where subsequent frames are not sent in adjacent time instants and, being sufficiently well separated, the realizations of the SNR become -to all practical extentindependent. In such a case, the channel state information (CSI) that might be eventually fed back by the receiver, cannot be used to apply the so-called adaptive modulation and coding (AMC) [6] . Consequently, the only "adaptation" can be done in the stochastic sense, that is, transmission rates may be set knowing the distribution of the SNR.
Here, the SNR is assumed to follow the exponential probability density function (PDF) (i.e., channel gains √ γ are Rayleigh distributed)
where γ is the average SNR. 1 Although it is possible that, due to the variation of the sub-codewords' lengths N s,k , not all available N F symbols are used (which is undesirable) this effect becomes negligible for large frames. Namely, the number of "unused" symbols cannot exceed N s,1 as we assume that data is always available for transmission. So the fraction of "wasted bandwidth" within the frame is always less than N s,1 /N F and can be made arbitrarily small. Similarly, one might replace the frame-filling formalism (which allows us to keep constant N b ) with variable-length packets.
The cumulative density function of SNR is thus given by
The ARQ process for each packet starts sending the subcodeword of N s,1 symbols (coded with rate R 1 ). We assume that an error-free feedback (or, return) channel exists, which allows the receiver to send one-bit information required by the ARQ process (ACK/NACK messages). Upon reception of a NACK message, the transmitter knows that the first subcodeword was decoded in error so it sends -in the next available frame -a sub-codeword of N s,2 symbols (with code-rate R 2 ). Upon unsuccessful decoding, another NACK message is generated. This continues till the maximum allowed number of transmissions K is reached (truncated HARQ) or until an ACK message is received, denoting a successful transmission.
If coding and decoding are perfect, after k transmissions attempts, the packet is lost only if the average mutual information accumulated throughout the attempts is smaller than the average transmission rate. This can be formulated as
where γ l is the SNR during lth transmission attempt and
is the average mutual information (per channel use) when transmitting with SNR z. Obviously, for a fixed-rate HARQ (i.e.,
. It should be noted, that information-theoretic conditions of perfect coding/decoding resulting in (3) can only be satisfied if N b → ∞.
III. ACHIEVABLE THROUGHPUT
In this work we evaluate the throughput attainable with a variable-rate HARQ-IR transmission and we recall the results shown in [6] , [9] where transmissions with perfectly known CSI or unknown CSI are considered as they provide, respectively, a lower and an upper bounds on the achievable throughput.
Namely, if CSI is perfectly known, it is possible to transmit at the instantaneous available rate C(γ) without any packet loss so no retransmissions are needed. This provides the maximum achievable rate when transmitting with constant power, i.e., the ergodic capacity [6] , [10] 
If, on the other hand, we do not know the channel state, the throughput is calculated as [6] 
and should be maximized over γ 0 . This is the lower bound on the performance of any well designed HARQ protocol operating without CSI. We now consider two differing ways the transmitter/receiver may deal with the NACK message yielding two HARQ-IR schemes [1] : 1) HARQ type-I (HARQ-I): after k transmissions, only the results of the k-th transmission are used for decoding.
In such a case, R k ≡ R 1 , k = 2, . . . , K and, since the packets are discarded, it is enough to generate one codeword with rate R 1 and transmit it up to K times decoding it after each transmission attempt. 2) Incremental redundancy HARQ (HARQ-IR): the receiver uses all the transmitted sub-codewords to decode the message. Unlike [1] , we assume varying transmission rates which opens a new space for optimization of the attainable throughput. We expressly do not consider the so-called Chase combining (where the replicas of the same packet sent at each attempt are weighted by the SNR and summed up at the receiver unit, increasing the effective SNR), as they introduce little gain in terms of throughput over HARQ-I [1] , [2] .
The throughput is defined as the ratio between the expected number of correctly received bits (after up to K transmissions) and the average transmission time (number of channel uses) required by the HARQ protocol to terminate packet delivery
where f (K) is the probability of decoding failure after K transmissions and τ K is a time required by the HARQ protocol to deliver the packet in up to K transmission attempts. Since τ K is random, expectation E{·} is used according to the reward-renewal theorem [11] . To derive the general expression for the throughput (7), denote by ACK k and NACK k , respectively, the events of decoding success and decoding failure in the k-th transmission. Then, s(k) = Pr{NACK 1 , . . . , NACK k−1 , ACK k } is the probability of successful decoding after k transmissions (preceded by k − 1 decoding failures) and f (k) = Pr{NACK 1 , . . . , NACK k−1 , NACK k } is the probability of decoding failure after k transmissions.
The throughput is thus calculated as
where
is the number of channel uses after k transmissions of a packet. Dividing the numerator and denominator of (8) by N s,1 , and
978-1-4244-5638-3/10/$26.00 ©2010 IEEE
1) HARQ-I:
In this case the packets are discarded and the decoding failures NACK l are independent of each others. Then, we always transmit with the rate R 1 = C(γ * ) as there is no gain in using rates that vary throughout the transmission. Consequently, the decoding failure (probability of loosing a packet after k transmissions) is calculated as
and the throughput of HARQ-I is then given by
where the second equality was obtained applying
The following observations are immediate:
• Since (12) (after maximization over γ * ) it is equivalent to (6) (maximized over γ 0 ), that was derived without considerations of retransmission, we may say that the throughput (6) is based on an implicit assumption of using HARQ-I. This gives us "legitimacy" to compare both transmission schemes. Without this observation one might argue about the fairness of comparing schemes where retransmissions are or are not allowed.
• The probability of loosing a packet
becomes smaller as long as we allow more retransmission attempts, which is an obvious gain in terms of transmission reliability. However, the throughput (12) does not change with K since while the number of bits received without errors increases with the number of transmissions, the required transmission time grows proportionally.
2) HARQ-IR:
In this case, the probability of decoding failure is given by (3), so
and the throughput is given by
To calculate f IR (k) we proceed as suggested in [1] introducing random variables v l = C(γ l )/R l , l = 1, . . . , k whose CDFs are
and theirs PDFs are
Since v l , l = 1, . . . , k are independent, the PDF g k (x) of the sum k l=1 v l is a convolution of the individual PDFs Marker "x" corresponds to the global optimum while "o" -to the optimum under the constraint
and it can be calculated numerically for any K using, e.g., discrete Fourier transforms. As expected, since the fixed-rate HARQ-IR (i.e., with
is a particular case of a variablerate transmission scheme (i.e., where R k are freely set), for any finite K the throughput of the variable-rate HARQ-IR (maximized with respect to R l ) must be greater or equal to the throughput obtained with a fixed-rate transmission. When K tends to infinity, the throughput of fixed-rate HARQ-IR approches C [1] so, both fixed-and variable-rate schemes must become equivalent. Nevertheless, buffer limitations put constraints on K, therefore, we must always deal with truncated HARQ.
IV. NUMERICAL RESULTS

A. Rates optimization
The "design" of the HARQ scheme consists in the maximization of the throughput over the rates R = {R 1 , . . . , R K } so for convenience the relationship of the throughput TH IR on the rates may be written as
Optimization is quite simple in the case of HARQ-I scheme because the throughput in (12) depends only on one variable γ * which can be easily found solving the non-linear equation shown in [6] . On the other hand, a contour plot of (14) shown in Fig. 1 for K = 2 and γ = 35dB illustrates well that (14) is not concave in R k , so optimization of TH IR (R) via gradient/Hessian-based techniques does not guarantee the global optimality of the solution. This is, in general, true for any K.
In Fig. 1 we can also note the difference in the solutions for the variable-and the fixed-rate HARQ-IR. In the latter, 978-1-4244-5638-3/10/$26.00 ©2010 IEEE the function TH IR (R 1 , R 2 ) evaluated along the line R 1 ≡ R 2 (dashed line in Fig. 1 ) is also non-convex but depends on one variable only so the problem is greatly simplified and may be solved via exhaustive search with pre-defined resolution as we did in this work.
To maximize (14) we used a heuristic method based on a successive optimization algorithm, where one variable is optimized at each step, till no improvement can be reached. This, of course, does not guarantee the global optimality but proved to be efficient for small-to-moderate values of K. If we denote by R l,r = {R 1 , . . . , R l−1 , r, R l+1 , . . . , R K } the set of rates with R l is replaced by r, and the optimization algorithm can be described as follows:
Successive optimization:
ELSE GOTO 2 where the subindices l n allow us to choose the order in which the rates R l are optimized within the i-th iteration. We found practical to set l 1 = 1, l 2 = K, and l n = K − n + 1, n = 2, . . . , K − 1, which means that we first optimize R 1 , then R 2 , and then R K−1 , R K−2 , . . . , R 2 . Using this algorithm we were able to obtain "satisfactory" results for K < 18.
B. Optimization results
The optimized throughput of fixed-and variable-rate HARQ-IR is shown in Fig. 2 for K = 2, 5, 11. The gain in terms of throughput is particularly clear for K = 2 and, as expected, for increasing K both fixed-and variable-rate schemes tend to be similar. To clarify this issue, and to complement the results of Fig. 2 , we evaluate and show in Fig. 3 , for fixed-and variable-rate HARQ-IR, the "residual throughput"
i.e., the relative gap between the throughput attained with up to K transmissions and the maximum achievable throughput (ergodic capacity). The improvement (smaller residual throughput) of the variable-rate transmission with respect to fixed case is notable for K = 2 and decreases when K grows as expected -since, asymptotically both schemes are equivalent.
In Fig. 4 we show the rates R k for transmissions (1 ≤ k ≤ K) with K = 11. The normalization by the ergodic capacity C allows to show in the same scale the results for different γ. We see that the first transmission of variable-rate HARQ-IR is carried out with the rate R 1 close to C, while the final transmission attempt is done with the rate R K roughly four times greater than C. This relationship holds approximately for all γ and may be interpreted via (10), where we can see that if f IR (K) is small, R 1 in the numerator may be close to C provided that we keep the denominator only slightly greater than one: this can be only done by decreasing the factors
Ns,1 , that is, making the retransmissions (k > 1) last shorter than the first transmission.
For comparison we also show the rates of the fixed-rate HARQ-IR. Note that for finite K, the throughput-maximizing rates are less than K · C while when K → ∞ they should be slightly larger than K · C according to the proof in [1, Appendix C].
Since we use high rates (thus, short packets) for all transmissions in fixed-rates HARQ-IR, the mutual information accumulates "slowly" with the retransmissions. Consequently, 978-1-4244-5638-3/10/$26.00 ©2010 IEEE This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2010 proceedings. the failures in the initial transmissions occur more likely than in the variable-rate HARQ-IR, where the first transmission is done with the rate R 1 close to C. This impacts the average number of transmissions which we calculate as
and show in Fig. 5 .
We can appreciate that when the number of transmission K grows, the average number of transmissions K avg increases as well but is significantly greater for fixed-rate HARQ-IR: it practically doubles for K = 11 and γ = 30dB. The fact, that K avg grows with SNR for fixed-rate HARQ-IR is consistent with the increase of the transmission rate R 1 which slows down the accumulation of mutual information.
Since the average number of transmissions is related to the packet delivery delay (as retransmission can be done only in separate frames), variable-rate HARQ-IR -besides the increased throughput-offers an additional advantage over its fixed-rate counterpart.
V. CONCLUSIONS
In this letter we have analyzed HARQ with incremental redundancy (HARQ-IR) for transmissions over block-fading channels. We have shown that the variable-rate HARQ-IR provides gains over the fixed-rate HARQ-IR in terms of increased throughput and decreased average number of transmissions.
ACKNOWLEDGMENT
The authors thank Dr. M. Benjillali (KAUST, Saudi Arabia) for his helpful comments. 
